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We study the relativistic effect on the energy levels of the quantum states for a bouncing particle
in a gravitational field. Motivated by the equivalence principle, we investigate the Klein-Gordon
and Dirac equations in Rindler coordinates with the boundary condition mimicking a uniformly
accelerated mirror in Minkowski space. In the comoving frame and the non-relativistic limit all
these models reduce to the familiar eigenvalue problem for the Schro¨dinger equation with a fixed
floor in a uniform gravitational field, as expected. We demonstrate that the energy levels for
Klein-Gordon particles are higher than their counterparts in non-relativistic quantum mechanics.
In contrast, the energy levels for Dirac and Majorana particles are lower than their non-relativistic
limits. The different corrections to the energy levels may be resulted by different behaviors of their
wave functions around the mirror boundary, in addition to different spin statistics.
PACS numbers: 03.65.Ge, 04.62.+v
I. INTRODUCTION
Quantum effects under the influence of gravitational field are the starting points of understanding the general
features of the systems that both general relativity and quantum mechanics come into play. One of such systems
which can be tested in laboratories is the quantum bouncer, which is a bouncing particle trapped in a uniform
gravitational potential above a floor, so that the stationary bound states of the particle have discrete energy levels
associated with the normalizable wave functions. While the quantum bouncer problem has long been a standard
example or exercise in textbooks of quantum mechanics (e.g. [1, 2]) the discrete spectrum of the bound states were
not probed experimentally until this century by Nesvizhevsky et al. using the ultra-cold neutrons (UCN) [3–5], which
can be reflected by a mirror of optical glass at arbitrary incidence angle [6]. They confirmed that the wave functions
of the UCN in the waveguide with and without gravity are given by the Airy functions in a linear potential and the
sine functions in a infinite square-well potential, respectively, as those described in textbooks [7].
In the present paper, we revisit the above quantum bouncer problem in the viewpoint of the equivalence principle
of relativity [8]: a free particle repeatedly caught and bounced by a uniformly accelerated floor in Minkowski space
can be regarded as a particle in a uniform gravitational potential bouncing on the floor at rest in Rindler coordinates.
Thus we solve the Klein-Gordan (KG) and Dirac equations for free particles with the boundary condition mimicking
a mirror situated at the origin of the Rindler coordinate system to investigate how the uniform gravitational potential
affects the structure of the bound states and energy levels of a relativistic bouncing particle, and then compare the
results in the non-relativistic limit with those in quantum mechanics. For the Klein-Gordon equation, we recover the
familiar corrections to the energy levels straightforwardly. For the Dirac equation in Rindler coordinates, however,
Dirichlet boundary conditions do not work since the condition of no spinor particles at the floor will force the Dirac
wave functions vanish everywhere in space [9], which is totally trivial. This is why the problem of bound states for
Dirac particles in Rindler coordinates considered earlier in Ref. [9] has to be solved by using alternative boundary
conditions. In this paper, we adopt the boundary condition given in the MIT bag model [10, 11] which implies that
the spinor current and its charge density vanish at the floor [12–14]. This enables us to investigate in details to
Dirac particles as quantum bouncers and then compare their energy levels with the non-relativistic particles. While
a neutron (consisting of three quarks) is a Dirac particle and not the anti-particle of itself, for completeness, we
also consider the case of Majorana particles in this paper. We construct Majorana spinors from Dirac spinors with
arbitrary spin orientations. The same problem will arise when imposing Dirichlet boundary conditions, anyway, and
we again introduce the boundary condition from the MIT bag model. It turns out that the consequence of the same
boundary condition on Majorana particles can in general be different from the case of Dirac particles.
This paper is organized as follows. In Sec. II, we briefly review the dynamics of a bouncing particle in non-
relativistic quantum mechanics. Then in Sec. III, we calculate the energy levels of the bound states of a massive
KG particle in Rindler coordinates. In Sec. IV, we consider massive Dirac and Majorana particles for arbitrary spin
orientations in Rindler coordinates. Our numerical results of the energy levels for three cases are compared with the
conventional results in non-relativistic quantum mechanics in Sec. V. Finally, Sec. VI is devoted to summary and
conclusions. For comparison, we calculate the relativistic correction to the Hamiltonian of a spin-0 or 1/2 particle in
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FIG. 1: Airy functions Ai(ζ) (solid line) and Bi(ζ) (dashed line).
a perturbative approach in Appendix A. The expressions of the boundary conditions for the bound states of Dirac
and Majorana particles are offered in Appendix B. Throughout this paper, we use unit c = ~ = 1.
II. BOUNCING PARTICLES IN NON-RELATIVISTIC QUANTUM MECHANICS
Consider a quantum mechanical particle in a uniform gravitational field and bouncing above the floor at z = 0. For
simplicity, we are working in a (1+1)D spacetime and modeling the effect of the floor and the gravitational field by
the potential
V (z) =
{
mgz, for z ≥ 0,
∞, for z < 0, (1)
where m is the mass of the particle and g is the constant gravitational acceleration experienced by the particle. In
this ideal case with an infinite barrier as the floor1, the particle is totally restricted in the region z ≥ 0, where the
dynamics of the particle is described by the time-dependent Schro¨dinger equation
i
∂
∂t
Ψ(z, t) = − 1
2m
∂2Ψ(z, t)
∂z2
+mgzΨ(z, t). (2)
The wave function Ψ(z, t) of the particle satisfies the boundary conditions Ψ(z = 0, t) = 0 and Ψ(z → ∞, t) = 0,
which make the wave function in a normalizable bound state with a discrete energy spectrum, as we will see later.
Suppose the stationary solution for Eq. (2) has the form
Ψ(z, t) = Cnψn(z)e
−iEnt (3)
with the constants Cn and En labeled by some index n for later use. Then Eq. (2) implies
− 1
2m
d2ψn(z)
dz2
+mgzψn(z) = Enψn(z). (4)
It is convenient to introduce the dimensionless variable ζ = z/B with the length scale
B = (2m2g)−1/3 . (5)
Then the time-independent Schro¨dinger equation in Eq. (4) can be rewritten in the form
−d
2ψn(ζ)
dζ2
+ (ζ − ζn)ψn(ζ) = 0, (6)
1 In realistic cases the effective potential barrier of the floor or mirror is finite and may depend on the momentum of the bouncing particle,
see e.g. Ref. [21].
3where we defined
ζn = En/mgB. (7)
The equation above has two linearly independent solutions Ai(ζ−ζn) and Bi(ζ−ζn), which are the Airy functions (see
FIG. 1.) Since Bi(ζ− ζn) diverges to infinity as ζ →∞, it will never satisfy the boundary condition Ψ(z →∞, t) = 0,
and so the bound-state wave function reads
ψn(ζ) = NnAi(ζ − ζn). (8)
Here Nn denotes the normalization factor, defined by∫ ∞
0
|Ψn(z)|2dz = N 2nB
∫ ∞
0
[Ai (ζ − ζn)]2 dζ = 1, (9)
where −ζn is the n-th zero of the Airy function, Ai(−ζn) = 0, n = 1, 2, · · · , as the mirror boundary condition of the
wave function Ψ(z = 0, t) = 0 yields
ψn(0) = NnAi(−ζn) = 0. (10)
Thus the energy eigenvalue En = mgBζn from (7) associated with the eigen-state ψn for some specific n is proportional
to the n-th zero of Airy function −ζn, whose negativity implies the positivity of the eigen-energy.
III. KG PARTICLES BOUNCING IN A UNIFORM GRAVITATIONAL POTENTIAL: MIRROR
BOUNDARY CONDITION
Below we derive the bound states and their energy levels of a spin-0 particle bounced repeatedly above a uniformly
accelerated floor. We will start with a review on the KG equation for the scalar particle in Rindler coordinates (see
e.g., [15]). We derive and normalize the KG wave functions for the bound states in view of the comoving observer by
introducing a Dirichlet boundary condition on the floor. Approximated analytic expressions for the energy levels can
be obtained using the formulas given in Ref. [16].
A. KG equation in Rindler coordinates
The Rindler coordinate system is natural for a uniformly accelerated observer in Minkowski spacetime. Rindler
coordinates (η, x, y, ξ) can be transformed from Minkowski coordinates (t, x, y, z) by
t =
eaξ
a
sinh aη and z =
eaξ
a
cosh aη, (11)
with η, ξ ∈ R. Here the positive constant parameter a is the proper acceleration of the uniformly accelerated object
going along the worldline ξ = 0. Then, the Rindler line element takes the form,
ds2 = dt2 − dx2 − dy2 − dz2
= e2aξ
(
dη2 − dξ2)− dx2⊥, (12)
where x⊥ ≡ (x, y) coordinatize the two-dimensional subspace perpendicular to the direction of acceleration. Consider
a massive scalar field in four-dimensional curved spacetime described by the action,
S =
1
2
∫
d4x
√−g (gµν∂µφ∂νφ−m2φ2) , (13)
where m is the mass of field. Variation of the above action gives the KG equation(
1√−g ∂µ
(√−ggµν∂νφ)+m2)φ = 0. (14)
Inserting the metric in the second line of (12), one obtains the KG equation(
∂2
∂η2
− ∂
2
∂ξ2
− e2aξ ∂
2
∂x2⊥
)
φ+m2e2aξφ = 0 (15)
4in Rindler coordinates. The normalized positive-frequency solution of the above equation is well-known (see e.g.,
Ref. [15]):
φ ∼ vRω,k⊥(η, ξ,x⊥) =
√
sinh(piω/a)
4pi4a
K iω
a
(κ
a
eaξ
)
eik⊥·x⊥−iωη, (16)
where Kν(X) is the modified Bessel function of the second kind, κ ≡
√
m2 + k2⊥, and k⊥ is the momentum component
perpendicular to the direction of acceleration. The frequency ω ∈ [ 0,∞ ) will not take continuous values after imposing
the boundary conditions.
B. Bound states and energy levels for a bouncing KG particle in Rindler coordinates
Suppose the uniformly accelerated floor is moving along the worldline ξ = 0 where one introduces a Dirichlet
boundary condition φ|ξ=0 = 0, namely,
K iω
a
(κ
a
)
= 0. (17)
in the positive frequency mode (16). This requires that κ/a has to be one of the zeros of Kiω/a(x), and only a discrete
set of values of ω can satisfy Eq. (17) with κ/a fixed.
The formula for the approximated value of νn when the fixed z in the condition Kνn(z) = 0 is right at the n-th
zero of the modified Bessel function has been given in Ref. [16] as
νne
−ipi/2 ≈ z + 2−1/3ζnz1/3 + 1
60
21/3ζ2nz
−1/3 + · · · , (18)
with the n-th zero of the Airy function −ζn. For simplicity, below we suppress the transverse dimensions and consider
the case k⊥ = 0, which implies κ = m. To compare with the eigen-energy En = mgBζn|g=a = (ma2/2)1/3ζn of the
non-relativistic particles in Section II, one should exclude the rest-mass energy mc2 (c ≡ 1) from ~ω (~ ≡ 1), namely,
define the subtracted energy E ≡ ω −m such that the relativistic correction to the eigen-energy is
∆En = En − En, (19)
where n labels the n-th energy level. From Eq. (18) with z = κ/a = m/a and νn = iωn/a (a = g) we find an explicit
expression of the first-order correction to the energy as
∆En ≈ E(1)n ≈ mg2B2
ζ2n
30
. (20)
The above correction is positive and goes to zero in the large-mass limit, 1/m→ 0, as a non-relativistic limit. It can
be recovered in a perturbative analysis of the Hamiltonian in Appendix A.
IV. DIRAC AND MAJORANA PARTICLES IN RINDLER COORDINATES: MIT-BAG-MODEL
BOUNDARY CONDITION
Next we turn to Dirac and Majorana particles of arbitrary spin orientations in Rindler coordinates. We will be
working in the Majorana representation. The obtained solutions for Dirac spinors can be immediately transformed
to the ones in the Dirac representation, and can be applied to construct the solutions for Majorana spinors by taking
the superpositions of particle and anti-particle solutions. As we mentioned before, the boundary conditions for Dirac
and Majorana particles are not trivial. In contrast to KG particles, Dirichlet boundary conditions do not apply to
Dirac and Majorana particles. We will adopt the boundary condition in the MIT bag model [10, 11] for our Dirac
and Majorana particles.
A. Dirac particles in Rindler coordinates
The Dirac equation for a Dirac spinor ψ˜D in the Majorana representation in Rindler coordinates reads [17][
iγ˜µR
(
∂
∂xµ
+ Γ˜µ
)
−m
]
ψ˜D = 0, (21)
5where m is the rest mass of the spinor, and Γ˜µ is the spin connection given by
Γ˜µ =
1
4
γ˜Rν
(
∂γ˜νR
∂xµ
+ Γ˜νλµγ˜
λ
R
)
, (22)
where γ˜µR are the gamma matrices in the Majorana representations in Rindler coordinates, which will be given
in Eq. (26). Here and below we use ψ˜ and ψ to denote the spinors in the Majorana and Dirac representations,
respectively, and γ˜µ and γµ to denote the gamma matrices in the Majorana and Dirac representations in Minkowski
coordinates. The explicit forms of γ˜µR and γ˜
µ can be derived from γµ by using the unitary transformation [18]
γ˜µ = UγµU†, U = U† =
1√
2
(
1 σ2
σ2 −1
)
, (23)
with the Pauli matrix σ2 =
(
0 −i
i 0
)
and the 2×2 identity matrix 1, as follows. Given the following gamma matrices
in the Dirac representation in Minkowski coordinates,
γ0 =
 1 0 0 00 1 0 00 0 −1 0
0 0 0 −1
 , γ1 =
 0 0 0 10 0 1 00 −1 0 0
−1 0 0 0
 , γ2 =
 0 0 0 −i0 0 i 00 i 0 0
−i 0 0 0
 , γ3 =
 0 0 1 00 0 0 −1−1 0 0 0
0 1 0 0
 , (24)
we get the gamma matrices in the Majorana representation in Minkowski coordinates from Eq. (23),
γ˜0 =
 0 0 0 −i0 0 i 00 −i 0 0
i 0 0 0
 , γ˜1 =
 i 0 0 00 −i 0 00 0 i 0
0 0 0 −i
 , γ˜2 =
 0 0 0 i0 0 −i 00 −i 0 0
i 0 0 0
 , γ˜3 =
 0 −i 0 0−i 0 0 00 0 0 −i
0 0 −i 0
 , (25)
which are purely imaginary ((γ˜µ)∗ = −γ˜µ). In Minkowski coordinates, {γ˜µ, γ˜ν} = 2ηµν implies (γ˜0)2 = 1 and
(γ˜1)
2 = (γ˜2)
2 = (γ˜3)
2 = −1. In Rindler coordinates, we have {γ˜µR, γ˜νR} = 2gµν , which yields
γ˜0R = e
−aξγ˜0 , γ˜1R = γ˜
1 , γ˜2R = γ˜
2 , γ˜3R = e
−aξγ˜3 , (26)
and the components of the spin connection (22), Γ˜0 =
a
2 γ˜
0γ˜3 and Γ˜1 = Γ˜2 = Γ˜3 = 0.
A wave packet of a Dirac spinor can be expanded as
ψ˜D(η, ξ,x⊥) =
∑
σ=±
∫ ∞
−∞
dk⊥
2pi
∫ ∞
0
dω
[
b(ω,k⊥, σ)ψ˜Dωk⊥σ(η, ξ,x⊥) + d
∗(ω,k⊥, σ)(ψ˜Dωk⊥σ)
C(η, ξ,x⊥)
]
, (27)
where b(ω,k⊥, σ) and d∗(ω,k⊥, σ) are the amplitudes for waves with positive and negative frequencies, respectively.
We postulate an ansatz for the positive-frequency solution as
ψ˜Dωk⊥σ ≡ f˜Dωk⊥σ(ξ)eik⊥·x⊥e−iωη, (28)
where f˜Dωk⊥σ(ξ) denotes Dirac spinors in the Majorana representation defined through the two-component spinors
χ˜1(ξ) and χ˜2(ξ) as
f˜Dωk⊥σ(ξ) =
(
χ˜1(ξ)
χ˜2(ξ)
)
. (29)
Then the Dirac equation reads
ω
a
f˜Dωk⊥σ(ξ) =
[
m
a
eaξβ˜ − i
2
α˜3 − i
a
α˜3
∂
∂ξ
+
k1
a
eaξα˜1 +
k2
a
eaξα˜2
]
f˜Dωk⊥σ(ξ) (30)
with β˜ ≡ γ˜0 and α˜j ≡ γ˜0γ˜j , or, after inserting (29),
ωχ˜1(ξ) = me
aξσ2χ˜2(ξ) + i
a
2
σ3χ˜2(ξ) + iσ3
∂χ˜2(ξ)
∂ξ
− eaξk1σ1χ˜2(ξ) + eaξk2χ˜1(ξ), (31)
ωχ˜2(ξ) = me
aξσ2χ˜1(ξ) + i
a
2
σ3χ˜1(ξ) + iσ3
∂χ˜1(ξ)
∂ξ
− eaξk1σ1χ˜1(ξ)− eaξk2χ˜2(ξ), (32)
6where σ1 and σ3 are the Pauli matrices, too. Further calculation shows
1
a
∂
∂ξ
(
1
a
∂
∂ξ
χ˜1
)
=
[(
m2 + k⊥2
) 1
a2
e2aξ +
1
4
− ω
2
a2
]
χ˜1 +
iω
a
σ3χ˜2, (33)
1
a
∂
∂ξ
(
1
a
∂
∂ξ
χ˜2
)
=
[(
m2 + k⊥2
) 1
a2
e2aξ +
1
4
− ω
2
a2
]
χ˜2 +
iω
a
σ3χ˜1. (34)
where χ˜1 and χ˜2 are coupled. To proceed, we introduce another two-component spinor
φ± = χ˜1 ∓ χ˜2 =
(
ϑ˜±(ξ)
ς˜±(ξ)
)
, (35)
then Eqs. (33) and (34) yield(
1
a
∂
∂ξ
1
a
∂
∂ξ
)
ϑ˜±(ξ) =
[
(m2 + k⊥2)
1
a2
e2aξ +
(
iω
a
∓ 1
2
)2]
ϑ˜±(ξ), (36)
(
1
a
∂
∂ξ
1
a
∂
∂ξ
)
ς˜±(ξ) =
[
(m2 + k⊥2)
1
a2
e2aξ +
(
iω
a
± 1
2
)2]
ς˜±(ξ). (37)
For the special cases k⊥ = 0, one has Eqs. (3.95) and (3.96) in Ref. [15] as the expressions of the Dirac equation
in Rindler coordinates written in the Dirac representation. The solutions for these equations regular as ξ → ∞ are
known as the modified Bessel function of the second kind (cf. Eqs.(15)-(16)),
ϑ˜±(ξ) = A±K∓(ξ), ς˜±(ξ) = B±K±(ξ), (38)
where K±(ξ) ≡ K(iω/a)±(1/2)(κaeaξ), κ =
√
m2 + k2⊥, and A± and B± are complex coefficients with the information
of spin orientation included. Thus the solution for f˜Dωk⊥σ is
f˜Dωk⊥σ =
1
2

ϑ˜+ + ϑ˜−
ς˜+ + ς˜−
−ϑ˜+ + ϑ˜−
−ς˜+ + ς˜−
 = 12
 A+K−(ξ) +A−K+(ξ)B+K+(ξ) +B−K−(ξ)−A+K−(ξ) +A−K+(ξ)
−B+K+(ξ) +B−K−(ξ)
 (39)
Substituting it back into the Dirac equation (30), we get four linear relations between the coefficients,
iκA+ + k2A− + (im+ k1)B+ = 0 , (im− k1)A− + k2B+ + iκB− = 0 ,
k2A+ − iκA− − (im+ k1)B− = 0 , −(im− k1)A+ − iκB+ + k2B− = 0 , (40)
which imply that B± can be represented in A±, and the solution (28) with (39) for Dirac particles in the Majorana
representation can be rewritten as
ψ˜Dωk⊥σ = NDωk⊥σeik⊥·x⊥e−iωη

A+K−(ξ) +A−K+(ξ)
−( iκA++k2A−im+k1 )K+(ξ) + (k2A+−iκA−im+k1 )K−(ξ)−A+K−(ξ) +A−K+(ξ)( iκA++k2A−
im+k1
)
K+(ξ) +
(k2A+−iκA−
im+k1
)
K−(ξ)
 , (41)
and in the Dirac representation as
ψDωk⊥σ =
NDωk⊥σeik⊥·x⊥e−iωη
im+ k1

[
κA+ + (im+ k1 − ik2)A−
]
K+(ξ) +
[
(im+ k1 − ik2)A+ − κA−
]
K−(ξ)[− iκA+ + (−m+ ik1 − k2)A−]K+(ξ) + [(m− ik1 + k2)A+ − iκA−]K−(ξ)
−[κA+ + (im+ k1 − ik2)A−]K+(ξ) + [(im+ k1 − ik2)A+ − κA−]K−(ξ)[− iκA+ + (−m+ ik1 − k2)A−]K+(ξ)− [(m− ik1 + k2)A+ − iκA−]K−(ξ)
 (42)
after a unitary transformation ψDωk⊥σ = Uψ˜
D
ωk⊥σ with the unitary matrix U given in Eq. (23) [19]. Here NDωk⊥σ is
the normalization constant defined by the condition(
ψDωk⊥σ, ψ
D
ω′k′⊥σ
′
)
≡
∫
Σ
dΣµψ¯
D
ωk⊥σγ
µ
Rψ
D
ω′k′⊥σ
′ = δ(ω − ω′)δσσ′δ(k⊥ − k′⊥) (43)
7on the constant-η hypersurface Σ with ψ¯Dωk⊥σ ≡ (ψDωk⊥σ)†γ0. For the special cases k⊥ = 0, one has Eqs. (3.99) and
(3.100) in Ref. [15] as solutions of the Dirac equation in Rindler coordinates written in the Dirac representation with
the spin-orientations +z and −z, respectively. One also has Eq. (3.97) in the same reference as a normalization
constans for such kind cases. The anti-particle solution is obtained by charge conjugation of ψDωk⊥σ, with
(fDωk⊥σ)
C(ξ) =
(
iσ2χ
∗
2(ξ)
−iσ2χ∗1(ξ)
)
. (44)
Learning from the MIT bag model, the boundary condition mimicking a mirror situated at ξ = 0 for a Dirac particle
can be written as [10, 11]
iγ3Rψ|ξ=0 = ψ|ξ=0. (45)
Imposing this boundary condition to the Dirac spinor (42) yields
K iω
a +
1
2
(m
a
)
+K iω
a − 12
(m
a
)
= 0 , (46)
in the special case of k⊥ = 0. Later in Section V we will see that this condition gives a negative relativistic correction
to each energy level of the bouncing particle.
The condition (45) implies the vanishing current and charge densities at the boundary, namely,
iJ3 ≡ iψ¯Dωk⊥σγ3RψDωk⊥σ|ξ=0 = ψ¯Dωk⊥σψDωk⊥σ|ξ=0
= −ψ¯Dωk⊥σψDωk⊥σ|ξ=0
= 0 . (47)
The first line is (45) multiplied by ψ¯ on the left, the second line is the complex conjugate of (45) multiplied by γ0ψ on
the right, and the third line is resulted by the equality of the first and the second lines. Can we choose J3|ξ=0 = 0 or
ψ¯ψ|ξ=0 = 0 as the boundary condition instead of (46)? Obviously J3|ξ=0 = 0 cannot be a boundary condition here,
because J3 has been vanishing everywhere (for all ξ) for (42), which is a stationary state. And if one starts with the
boundary condition ψ¯ψ|ξ=0 = 0, one will get an extra condition
K iω
a +
1
2
(m
a
)
−K iω
a − 12
(m
a
)
= 0 , (48)
in addition to (46) in the special case of k⊥ = 0. This extra condition gives a positive correction to each energy level,
which looks similar to the case of KG particles, but we do not adopt this condition as a physical condition.
B. Majorana particles in Rindler coordinates
Now we consider the Majorana equation in Rindler coordinates,
iγ˜µR
(
∂
∂xµ
+ Γ˜µ
)
ψ˜M −m(ψ˜M)C = 0, (49)
where m is the rest mass of the Majorana spinor, C denotes charge conjugation, and Γ˜µ is the spin connection given
in (22). More explicitly, one has
i
∂
∂η
ψ˜M = eaξ
[
−iα3e−aξ
(
∂
∂ξ
+
a
2
)
− i
(
α1
∂
∂x
+ α2
∂
∂y
)]
ψ˜M + eaξβm(ψ˜M)C . (50)
A wave packet of Majorana spinor can be expanded as
ψ˜M(η, ξ,x⊥) =
∑
σ=±
∫ ∞
−∞
dk⊥
2pi
∫ ∞
0
dω
[
b(ω,k⊥, σ)ψ˜Mωk⊥σ(η, ξ,x⊥) + b
∗(ω,k⊥, σ)(ψ˜Mωk⊥σ)
C(η, ξ,x⊥)
]
, (51)
where b(ω,k⊥, σ) is the amplitude while the anti-particle of a Majorana particle is itself. Again, we postulate an
ansatz of the positive-frequency solution as
ψ˜Mωk⊥σ ≡ f˜Mωk⊥σ(ξ)eik⊥·x⊥e−iωη, (52)
8where fMωk⊥σ = (f
M
ωk⊥σ)
C , and substitute it into (50), then we obtain
ω
a
f˜Mωk⊥σ(ξ) =
[
m
a
eaξβ˜ − i
2
α˜3 − i
a
α˜3
∂
∂ξ
+
k1
a
eaξα˜1 +
k2
a
eaξα˜2
]
f˜Mωk⊥σ(ξ), (53)
which is nothing but the Dirac equation in the Majorana representation (30) with the Dirac spinor f˜Dωk⊥σ there replaced
by f˜Mωk⊥σ. Thus the solutions for Majorana spinors in the Dirac representation can be obtained by combining the
particle and anti-particle solutions of Dirac spinors as
fMωk⊥σ =
1√
2
[
fDωk⊥σ + (f
D
ωk⊥σ)
C
]
= (fMωk⊥σ)
C
=
1√
2
(
χ1 + iσ2χ
∗
2
χ2 − iσ2χ∗1
)
=
1√
2
(
χ1 + iσ2χ
∗
2
−iσ2(χ1 + iσ2χ∗2)∗
)
(54)
from (44) and the counterpart of (29) in the Dirac representation. Comparing (42) with (29), the explicit form of the
above solutions for Majorana spinors with arbitrary spin orientations and regular as ξ → ∞ in Rindler coordinates
can be immediately written down as
ψMωk⊥σ = NMωk⊥σeik⊥·xe−iωη
 (P +Q)K+(ξ) + (R− S)
∗K−(ξ)
(R+ S)K+(ξ) + (P −Q)∗K−(ξ)
−(P −Q)K+(ξ)− (R+ S)∗K−(ξ)
(R− S)K+(ξ) + (Q+ P )∗K−(ξ)
 , (55)
where
P =
κA+ + (im+ k1 − ik2)A−
im+ k1
, Q = − (m+ ik1 + k2)A
∗
+ + iκA
∗
−
−im+ k1 ,
R =
−iκA+ + (−m+ ik1 − k2)A−
im+ k1
, S =
(im− k1 − ik2)A∗+ + κA∗−
−im+ k1 . (56)
From the MIT bag model, the boundary condition at ξ = 0 for a Majorana spinor is again given in Eq. (45). In the
special case k⊥ = 0, the boundary condition for Majorana particles coincides (46) for Dirac particles. Eq.(47) derived
from (45) is still true for Majorana particles. However, since Majorana particles are neutral, their charge density
ψ¯ψ vanishes everywhere, while the current density J3 does not. Thus ψ¯ψ|ξ=0 = 0 cannot be imposed as a boundary
condition for Majorana particles. If one started with J3|ξ=0 = 0, one would similarly get an extra condition like (48)
which gives bound states not corresponding to the Majorana particles bouncing above the floor, anyway.
For the cases of nonzero k⊥, imposing the boundary conditions in the MIT bag model will actually lead to two
equations: Eqs. (B1) and (B2) for Dirac spinors and Eqs. (B3) and (B4) for Majorana spinors. For each spinor the
two equations will reduce to one in the case of k⊥ = 0. Below in this paper we restrict our attention to the special
case k⊥ = 0 for simplicity.
V. COMPARISON OF BOUNCING PARTICLES OF DIFFERENT NATURE
A. Energy levels
Let us compare the energy levels of the above four kinds of the bouncing particles:
a. Non-relativistic particles The energy levels ENRn obtained from the Schroo¨dinger equation with the ideal bound-
ary condition (10) are
ENRn =
(
ma2
2
)1/3
ζn, n = 1, 2, 3, . . . (57)
where a = g is the uniform (gravitational) acceleration and −ζn is the n-th zero of the Airy function given by
Ai(−ζn) = 0.
b. KG particles The energy levels EKGn from the KG equation in Rindler coordinates are given by the condition
K i
a (EKGn +m)
(m
a
)
= 0 (58)
from (17), which implicitly assumes an infinite potential barrier as the ideal floor/mirror and so may not be realistic.
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FIG. 2: The normalized probability densities of the ground, first-excited and second-excited states, with the transverse
dimensions x and y suppressed. Here m/a = 10 and az = eaξ − 1, and we show three cases for Majorana particles, with
A = +0.5, 0, and −0.5.
c. Dirac and Majorana particles The energy levels ED,Mn for Dirac and Majorana particles, respectively, with
k⊥ = 0 from the Dirac equation in Rindler coordinates are determined by the same condition (46), namely,
K i
a (ED,Mn +m)+1/2
(m
a
)
+K i
a (ED,Mn +m)−1/2
(m
a
)
= 0. (59)
We show our numerical results of the first few energy levels for the four different bouncing particles in Table. I,
where we choose m/a = 10. One can see that the n-th energy level of a KG particle is higher than the energy
level of a non-relativistic particle with the same n and all other parameters. This is consistent with the behavior
of our approximated result in (20). The energy levels of a Dirac particle with k⊥ = 0 are the same as those of a
Majorana particles. Around each energy level of a non-relativistic particle at some specific n, the condition (59) gives
an eigen-energy lower than the non-relativisitic one.
TABLE I: Comparison of the energy levels between the non-relativistic particle, KG particle, Dirac particle and Majorana
particle for m/a = 10. Here each En is scaled by a factor maB(= (ma2/2)1/3).
n ENRn /maB EKGn /maB ED,Mn /maB
1 2.320 2.369 2.103
2 4.082 4.179 3.931
3 5.517 5.683 5.446
B. Probability density
Let us compare the probability density ρ(z) in the proper distance z for the bound states of different bouncing
particles with the transverse dimensions x and y suppressed (k⊥ = 0) and az = eaξ − 1.
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a. Non-relativistic particles The probability density for a non-relativistic bouncing particle is given as
ρNR(z) = ψ(z)†ψ(z)
= N 2n
[
Ai
( z
B − ζn
)]2
, (60)
from (8). Here B, Nn, and ζn are given in Eqs. (5), (9), and (10), respectively.
b. KG particles The probability density for a bouncing KG particles is given as
ρKG(z) = i
[
φ∗(z)
∂φ(z)
∂η
− φ(z)∂φ
∗(z)
∂η
]
=
ω sinh(piω/a)
2pi4a
[
Kiω/a
(
m(az + 1)
a
)]2
, (61)
from (16) with ω = EKGn +m determined by the boundary condition (58).
c. Dirac particles The probability density for a bouncing Dirac particle of k⊥ = 0 is given as
ρD(z) = ψ¯Dωσ(z)γ
0
Rψ
D
ωσ(z)
= 4
∣∣NDωσ∣∣2 (A+A∗+ +A−A∗−)(az + 1)−1Kiω/a−1/2(m(az + 1)a
)
Kiω/a+1/2
(
m(az + 1)
a
)
, (62)
from (42) with ω = ED,Mn +m determined by the boundary condition (59).
d. Majorana particles The probability density for a Majorana particle of k⊥ = 0 is given as
ρM(z) = ψ¯Mωσ(z)γ
0
Rψ
M
ωσ(z)
= 4
∣∣NMωσ∣∣2 (A+A∗+ +A−A∗−)(az + 1)−1Kiω/a−1/2(m(az + 1)a
)
Kiω/a+1/2
(
m(az + 1)
a
)
+A
{[
Kiω/a−1/2
(
m(az + 1)
a
)]2
+
[
Kiω/a+1/2
(
m(az + 1)
a
)]2}
, (63)
from (55) with ω = ED,Mn +m determined by the boundary condition (59) shared with Dirac particles. Different from
the Dirac particle of k⊥ = 0, the probability density for the Majorana particle here depends on spin orientation σ
which is explicitly given in the factor
A ≡ i(A
2
+ +A
2
− −A∗+2 −A∗−2)
4(A+A∗+ +A−A∗−)
. (64)
In particular, when the coefficients A+ and A− are each purely real or purely imaginary, or when A+ = ±iA−
(corresponding to spin orientation in ±z-directions [15]), one has A = 0 and the probability density for the bouncing
Majorana particle of k⊥ = 0 is identical to the probability density for its Dirac counterpart.
In FIG. 2 we show the probability densities for KG, Dirac, and Majorana bouncing particles around the boundary
at ξ = 0 to compare with the non-relativistic case of the same parameter values. Similar to the non-relativistic case,
the wave functions for KG particles vanish at the ideal mirror boundary [9, 20], and so the probability of finding the
KG particle below the floor is zero. In contrast, the probability density for Dirac particles (total number of particles
and antiparticles) does not vanish at the boundary, associated with the energy levels of bouncing Dirac particles lower
than their non-relativistic limits, while the charge density (difference of particle and antiparticle numbers) vanishes
at the boundary. The behavior of the probability density for bouncing Majorana particles depends on the choice of
A±, i.e. spin orientation, and does not vanish at the boundary in general but can be vanishing when A = 1/2 (e.g.
A− = 0 and A+ = 1− i).
C. Charge density
The charge density for a Majorana spinor is exactly zero everywhere since it is neutral. The charge density for a
Dirac spinor of k⊥ = 0 and arbitrary spin orientation is proportional to
qωσ(ξ) = ψ¯
D
ωσψ
D
ωσ, (65)
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FIG. 3: The charge densities qω±(z) = ψ¯Dω±(z)ψ
D
ω±(z) of a Dirac particle of k⊥ = 0 in the ground, first-excited, and second-
excited states. Here m/a = 10 and az = eaξ − 1.
which is a Lorentz scalar. Applying the wave function given in Eq. (42) with k⊥ = 0, the expression of the charge
density for a Dirac spinor reads
qωσ(ξ) = −4i
∣∣NDωσ∣∣2 (A−A∗− +A+A∗+){[K iω
a +
1
2
(
m
a
eaξ)
]2
−
[
K iω
a − 12 (
m
a
eaξ)
]2}
. (66)
In particular, for Dirac spinors of k⊥ = 0 and spin orientation ±z (A+ = ±iA−), the charge density is proportional
to
qω±(ξ) = − im cosh(piω/a)
pi2a
{[
K iω
a +
1
2
(
m
a
eaξ)
]2
−
[
K iω
a − 12 (
m
a
eaξ)
]2}
. (67)
In FIG. 3 we show the above qω±(ξ) for the ground, first-excited, and second-excited states of a bouncing Dirac
particle in these special cases.
D. Probability current density
The probability current density J3 = ψ¯γ3Rψ in the ξ-direction of the wave function (42) for a bouncing Dirac particle
of k⊥ = 0 is exactly zero everywhere, while the probability current density for its Majorana counterpart in the state
(55) with k⊥ = 0,
J3ωσ(ξ) = 2i
∣∣NMωσ∣∣2 (A2+ +A2− +A∗+2 +A∗−2) eaξ {[K iω
a +
1
2
(
m
a
eaξ)
]2
−
[
K iω
a − 12 (
m
a
eaξ)
]2}
, (68)
in general does not vanish everywhere. For a Majorana spinor with k⊥ = 0 and spin orientations +z or −z, however,
J3ω+ = J
3
ω− = 0 and the corresponding quantum states are stationary.
VI. SUMMARY AND CONCLUSION
We have studied the relativistic effect on the quantum states of a particle trapped in a gravitational potential
and bouncing above the floor. We investigated this problem according to the equivalence principle of relativity by
solving the Klein-Gordon(KG), Dirac, and Majorana equations in Rindler coordinates under appropriate boundary
conditions. As has been shown in Ref. [9], the energy level reduces to the well-known formula in the non-relativistic
limit, which is given by the Schro¨dinger equation with a gravitational potential linear in altitude above the floor of
ideal mirror. Our results verify that the relativistic correction from the KG equation with the Dirichlet boundary
condition of an ideal-mirror floor raises each energy levels from the non-relativistic ones, while the corrected energy
levels from the Dirac equation describing Dirac and Majorana particles with the boundary conditions from the MIT
bag model [10, 11] are lower than their non-relativistic limits.
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We further study the probability, probability current, and charge densities of the above bouncing particles. The
behavior of probability density for non-relativistic and KG wave functions around the boundary are identical, both
vanish around the boundary under the Dirichlet boundary conditions. For Dirac particles, the probability density
does not vanish around the boundary, while the behavior of probability density for Majorana particle depends on the
spin orientations. In some special conditions the Majorana one does coincide with the Dirac one. Under the boundary
condition from the MIT bag model, the probability current and charge densities for both Dirac and Majorana particles
vanish around the boundary. In general, the probability current density of a Dirac particle in bound states vanishes
everywhere, while a Majorana particle does not. In contrast, the charge density of a Majorana particle vanishes
everywhere since it is neutral, while a Dirac particle does not.
The different features of the above relativistic corrections are mainly due to the different boundary conditions we
are allowed to impose for particles of different spins [14]. For the Schro¨dinger and KG equations, one can introduce the
Dirichlet boundary conditions that the wave functions vanish at the boundary. The Dirichlet boundary condition for
a Dirac wave function ψ, however, will leads to a trivial solution with ψ = 0 everywhere. Thus we adopt the boundary
conditions in the MIT bag model, which implies both the probability current density and the charge density of the
particle vanish at the boundary, while the wave function there can be non-zero. For the same reason, we apply the
boundary condition from the MIT bag model to Majorana particles, too. For the case of k⊥ = 0, the eigen-energies
of the bound states of a Majorana particle coincide with the Dirac ones with the same parameter values and do not
depend on their spin orientations. Interestingly, the lowest order relativistic corrections from the Foldy-Wouthuysen
transformed Dirac Hamiltonian in Rindler coordinates is the same as those from the KG Hamiltonian (see Appendix
A), which give the same positive corrections to the energy levels, rather than negative, under the same Dirichlet
boundary condition for non-relativistic particles. This shows that our boundary conditions learned from the MIT bag
model for spin-1/2 particles do not correspond to an ideal mirror in the non-relativistic limit. If one introduces a
finite potential step for the floor instead of an infinite potential barrier of an ideal mirror [21], the wave function of a
KG or non-relativistic particle will get a finite penetration depth into the floor (cf. the probability densities of Dirac
and Majorana particles in FIG. 2). This implies a lower expectation value of altitude and so a lower eigen-energy of
the particle compared with those under the boundary conditions of ideal mirrors. With a finite potential step, even
a KG particle can have energy levels lower than those of a non-relativistic particle bouncing above an ideal mirror.
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Appendix A: Quantum mechanical analysis of relativistic corrections to energy levels
Below, we calculate the relativistic correction to the energy levels of a quantum mechanical particle in a perturbative
approach (see e.g., Ref. [22, 23]) in Rindler coordinates (e.g., Ref. [24]).
1. Hamiltonian for a classical particle in Rindler coordinates
The action of a relativistic particle moving in curved spacetime is given by
S = −m
∫ √
gµν
dxµ
dλ
dxν
dλ
dλ, (A1)
where λ is an affine parameter for the worldline of the particle. With the line element (12) of Rindler coordinates, we
parametrize the worldline in η and so the action reads
S = −
∫
m
√
e2aξ
(
1− ξ˙2
)
dη =
∫
Ldη, (A2)
13
where ξ˙ ≡ dξ/dη and we have suppressed the transverse motion in the x and y directions. The conjugate momentum
of the position ξ(η) of the particle is defined by
P =
δS
δξ˙
=
me2aξ ξ˙√
e2aξ(1− ξ˙2)
, (A3)
which implies ξ˙ =
√
P 2/(P 2 +m2e2aξ). Then the Hamiltonian is given by
H = P ξ˙ − L = meaξ
√
P 2
m2e2aξ
+ 1. (A4)
Assuming the rest-mass energy dominates (P 2/m2  1), the acceleration is small and the particle is not highly excited
(aξ  1), we have
H ≈ HNR ≡ m+
P 2
2m
+maξ +
ma2ξ2
2
− P
4
8m3
− aξP
2
2m
(A5)
as
√
1 + x = 1 + 12x− 18x2 +O(x3) and ex = 1 +x+ 12x2 +O(x3). Since the rest-mass energy of a particle is irrelevant
to its motion, we exclude the first term m from the Hamiltonian and redefine the subtracted Hamiltonian for the
particle as
HNR ≡ H0 +H ′, (A6)
where
H0 = P 2/2m+maξ (A7)
will be the non-relativistic Hamiltonian if we replace ξ here by z in Section II, and
H ′ =
ma2ξ2
2
− P
4
8m3
− aξP
2
2m
(A8)
is the relativistic corrections, which is a perturbation in our approximation.
2. Hamiltonian for a quantum particle in Rindler coordinates
The approximated Hamiltonian (A5) can also be obtained from the Dirac equation, which is quantum, in the
non-relativistic limit. The general expression of Foldy-Wouthuysen transformation is given as [25]
H = β(m+
O2
2m
) + E − 1
8m2
[O, [O, E ]], (A9)
where E and O are even- and odd-operator, respectively. Recall that the Hamiltonian from the Dirac equation in
Rindler coordinates is
H = meaξγ0 − i
2
aα3 − ieaξα1 ∂
∂x
− ieaξα2 ∂
∂y
− iα3 ∂
∂ξ
. (A10)
Identifying the odd and even-operator from our Hamiltonian as
E = maβξ, O = (−ia
2
+ Pξ)α
2
3 , (A11)
where we have assumed that k⊥ = 0, expanded eaξ = 1 + aξ + 12a
2ξ2 and wrote −i ∂∂ξ = Pξ. Then after the
transformation (A9), the Hamiltonian reduces to
H = βm− β
2m
(a2
4
+ iaPξ − P 2ξ
)− β
8m3
(a4
16
+ i
a3
2
P 2ξ −
3a2
2
P 2ξ − i2aP 3ξ + P 4ξ
)
+maβξ +
1
2
ma2ξ2 +
β
m2
(
ma2ξ + i4ma2ξPξ − 4maξP 2ξ
)
. (A12)
Taking real terms only and omitting the contributions of a
2
m3 ,
a2
m ,
a4
m3 , the same approximated Hamiltonian in (A5) is
recovered.
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TABLE II: The relativistic corrections to the first few energy levels scaled by the factor ma2B2.
n E˜(1)n /(ma2B2)
1 0.182225
2 0.557044
3 1.01589
4 1.53531
5 2.10364
6 2.71361
3. Relativistic corrections
Let us treat ξ in the above Hamiltonians as z in Section II and quantize the system by introducing [ ξ, P ] = i. As
we have reviewed in Section II, the energy levels given by the non-relativistic Hamiltonian are
En = 〈ψn|H0|ψn〉 = maBζn, (A13)
where |ψn〉 is the n-th energy eigenstate, whose wave function ψn(z) = 〈z|ψn〉 is given in (8), and −ζn is the n-th
zero of the Airy function. Note that ψn(z) here satisfies the Dirichlet boundary condition ψ|z=0 = 0.
The first-order correction to the energy level is given by
E˜(1)n ≈ 〈ψn|H ′|ψn〉
=
ma2
2
〈ξ2〉 − 1
8m3
〈P 4〉 − a
2m
〈ξP 2〉, (A14)
where all the expectation values are taken with respect to the state |ψn〉. There seems to be an ambiguity of ordering
in the last term because ξ and P 2 do not commute. Fortunately, [ξ, P 2] = iP and 〈ψn|P |ψn〉 = 0 in our case (note
that
∫∞
0
Ai(ζ − ζn)Ai′(ζ − ζn)dζ ∝ Ai2(ζ − ζn)|∞ζ=0 = 0.) From the Schro¨dinger equation (4), one has
P 2|ψn〉 = 2m(En −maξ)|ψn〉, (A15)
so (A14) can be simplified to
E˜(1)n ≈ −
(En)
2
2m
+ma2〈ξ2〉. (A16)
where En = maBζn refers to the energy level for a non-relativistic particle. The first term −(En)2/(2m) gives
−ma2β2ζ2n/2, while the second term can be worked out from (8),
ma2〈ξ2〉 = ma2B
∫ ∞
0
ψ∗n(ζ)ξ
2ψn(ζ)dζ = ma
2B3N 2n
∫ ∞
0
ζ2(Ai(ζ − ζn))2dζ = ma2B2 8
15
ζ2n, (A17)
with ζ = ξ/B. Then we recover the correction to the energy levels given in (20). In Table II) we show some numerical
values of E˜(1)n /(ma2B2) = ζ2n/30, which is dimensionless and independent of the choice of m or a.
Note that the above relativistic correction is positive, as we expected for a KG particle in the presence of the
mirror boundary condition at ξ = 0. But in Section A 2 the same approximated Hamiltonian is obtained for Dirac
particles, whose energy-level shift produced by the boundary condition from the MIT bag model is negative. This
shows how different the boundary conditions in the MIT bag model for spin-1/2 particles are from the Dirichlet
boundary condition for KG and non-relativistic particles, provided that those terms we omitted in Section A 2 are
really unimportant.
Appendix B: Boundary conditions for bouncing Dirac and Majorana particles
Inserting the Dirac spinor (42) into the boundary condition (45), one gets two equations[
iκA+ + (−m+ ik1 + k2)A−
]
K iω
a +
1
2
(
κ
a
) +
[
(im+ k1 − ik2)A+ − κA−
]
K iω
a − 12 (
κ
a
) = 0, (B1)[
κA+ − (im+ k1 + ik2)A−
]
K iω
a +
1
2
(
κ
a
) +
[
(m− ik1 + k2)A+ − iκA−
]
K iω
a − 12 (
κ
a
) = 0, (B2)
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while for the Majorana spinor (55), condition (45) also gives two equations,[
(im− k1)(κA+ + (im+ k1 − ik2)A−) + (m− ik1)((m+ ik1 + k2)A∗+ + iκA∗−)
]
K iω
a +
1
2
(
κ
a
)
+
[
(−im− k1)(iκA∗+ + (−m− ik1 − k2)A∗−) + (−m− ik1)((−im− k1 + ik2)A+ + κA−)
]
K iω
a − 12 (
κ
a
) = 0, (B3)[
(−im+ k1)(−iκA+ + (−m+ ik1 − k2)A−) + (m− ik1)((im− k1 − ik2)A∗+ + κA∗−)
]
K iω
a +
1
2
(
κ
a
)
+
[
(im+ k1)(κA
∗
+ + (−im+ k1 + ik2)A∗−) + (m+ ik1)((−m+ ik1 − k2)A+ + iκA−)
]
K iω
a − 12 (
κ
a
) = 0. (B4)
In either case, given the values of parameters k⊥, m, and a, the two complex equations could be sufficient to
fix ω (real) and A± (complex), up to a global phase and a normalization factor (note that K(iω/a)−(1/2)(κ/a) =
K∗(iω/a)+(1/2)(κ/a).) Obviously the eigen-energy ω would depend on spin orientation determined by A±. When
k⊥ = 0, however, the coefficients A± of the above equations can be factored out, and then all of those equations
degenerate to Eq. (46). In this special case the eigen-energies of bound states of both Dirac and Majorana particles
are independent of their spin orientations, though the dependence exists in wave functions.
[1] L. D. Landau and E. M. Lifshitz, Quantum Mechanics: Non-Relativistic Theory (Butterworth-Heinemann, Oxford, Eng-
land, 1981), 3rd ed., p. 74.
[2] J. J. Sakurai and J. J. Napolitano, Modern Quantum Mechanics (Addison Wesley, San Fransisco, 2010), 2nd ed., p. 108.
[3] V. V. Nesvizhevsky et al., Nature 415, 297 (2002).
[4] V. V. Nesvizhevsky et al., Phys. Rev. D 67, 102002 (2003).
[5] V. V. Nesvizhevsky et al., Eur. Phys. J. C 40, 479491 (2005).
[6] G. Ichikawa et al., Phys. Rev. Lett 112, 071101 (2014).
[7] A. Westphal et al., Eur. Phys. J. C 51, 367 (2007).
[8] C. Anastopoulos, B-L. Hu, Class. Quant. Grav. 35, 035011 (2018) [arXiv:1707.04526].
[9] N. Boulanger, P. Spindel, F. Buisseret, Phys. Rev. D 74, 125014 (2006) [arXiv:hep-th/0610207].
[10] A. Chodos, R. L. Jaffe, K. Johnson, C. B. Thorn, and V. F. Weisskopf, Phys. Rev. D 9, 3471 (1974).
[11] A. Chodos, R. L. Jaffe, K. Johnson, and C. B. Thorn, Phys. Rev. D 10, 2599 (1974).
[12] P. Alberto, C. Fiolhais, V. M. S. Gil, Eur. J. Phys. 17, 19 (1996).
[13] P. Alberto, S. Das and E. C. Vagenas, Phys. Lett. A 375, 1436 (2011) [arXiv:1102.3192].
[14] P. Alberto, S. Das, E. C. Vagenas, Eur. J. Phys. 39, 025401 (2018) [arXiv:1711.06313].
[15] L. C. B. Crispino, A. Higuchi, G. E. A. Matsas, Rev. Mod. Phys. 80, 787 (2008) [arXiv:0710.5373].
[16] E. M. Ferreira, J. Sesma, J. Comp. and Appl. Math, 211, 223 (2008).
[17] D. McMahon, Paul M. Alsing, Pedro Embid, arXiv:gr-qc/0601010.
[18] A. Aste, Symmetry 2,1776-1809 (2010).
[19] P. B. Pal, Am. J. Phys. 79, 485-498 (2011) [arXiv:1006.1718].
[20] A. Saa, M. Schiffer, Phys. Rev. D 56, 2449 (1997) [arXiv:gr-qc/9612046].
[21] T. Kawai, Acta Physica Polonica A 96, 19 (1999).
[22] R. B. Mann, M. B. Young, Class. Quant. Grav. 24 951-964 (2007) [arXiv:gr-qc/0610116].
[23] D. J. Griffiths, Introduction to Quantum Mechanics (1995), p. 221.
[24] A. Higuchi, S. Iso, K. Ueda, K. Yamamoto, Phys. Rev. D 96, 083531 (2017) [arXiv:1709.05757].
[25] L. L. Foldy and S. A. Wouthuysen, Phys. Rev. D 78, 29 (1950).
